The elastic feature of X-ray scattering from warm dense aluminum has recently been measured by Fletcher et al. with much higher accuracy than had hitherto been possible. This measurement is a direct test of the ionic structure predicted by models of warm dense matter. We use the method of pseudo-atom molecular dynamics (PAMD) to predict this elastic feature for warm dense aluminum with temperatures of 1 to 100 eV and densities of 2.7 to 8.1 g/cm 3 . We compare these predictions to experiments, finding good agreement with Fletcher et al. and corroborating the discrepancy found in analyses of an earlier experiment of Ma et al. We also evaluate the validity of the Thomas-Fermi model of the electrons and of the hyper-netted chain approximation in computing the elastic feature and find them both wanting in the regime currently probed by experiments.
I. INTRODUCTION
X-ray scattering is a powerful probe of dense plasmas of approximately solid density and temperatures of a few to 100's of eV. Such states of matter are known as warm dense matter (WDM) and occur during the implosion of inertial confinement fusion capsules and in dense astrophysical objects such as giant gaseous planets and white dwarf stars. X-ray scattering experiments on WDM states have largely focused on the study of the inelastic electron feature (the "Compton feature" and plasmon peak(s)) caused by free electrons in the plasma and in some cases, bound-free transitions [1] [2] [3] [4] [5] [6] [7] . Several experiments probed the elastic ion feature to measure the ion structure factor in warm dense plasmas [8, 9] but did not effectively constrain theoretical models of WDM. More recently, the characteristics of X-ray free electron lasers and the development of a novel experimental technique has enabled accurate measurements of the elastic ion feature in X-ray spectra [10] . The latter is directly proportional to the ion-ion static structure factor S II (k) and also contains information about, but is less sensitive to, the electron density around a nucleus from both bound and screening electrons. Studies of the elastic scattering peak promise to be a sensitive and informative test of the ionic structure of the plasma and to a lesser extent, of the structure of the screening cloud predicted by warm dense matter models.
The first experimental determination of the elastic scattering feature for warm dense aluminum by Ma et al. [11] showed a large peak indicative of very strong ion-ion correlations. However, subsequent modeling of the experimental conditions with several independent methods [12] [13] [14] predicted an ion-ion correlation peak about half as large as measured. Very recently, a second experimental measurement of S II (k) for aluminum by Fletcher et al. [10] also observed a strong ion-ion correlation peak but crucially, at a plasma temperature and density significantly different from those of the earlier experiment [11] . In this paper, we show that the method which we call pseudo-atom molecular dynamics (PAMD) [12] , agrees very well with the more recent data [10] , in stark contrast to the disagreement with the former experiment of [11] . We demonstrate that the method [12, 15] indicates that the two experiments reach states of widely different plasma coupling and thus significant differences in the amplitude of the first peak in S II (k) are expected, contrary to the experimental results.
Furthermore, we use the recent experimental data [10] to demonstrate the inadequacy of two approximations that are often used in models of WDM. We first investigate the hyper-netted chain (HNC) approximation which is used to close the integral equations of fluid theory. Given the ion-ion interaction pair potential V II (r), ion number density n 0 I and temperature β = 1/k B T , the static structure of the ions is uniquely determined by the Ornstein-Zernike (OZ) equation
and a closure relation
In these expressions, h II (r) is the pair correlation function, c II (r) is the direct correlation function, and g II (r) = h II (r) + 1 is the pair distribution function. The ion-ion static structure factor is related to the Fourier transform of the pair correlation function
The so-called bridge function B II (r) is not determined by these equation and is difficult to calculate. The HNC approximation consists of setting B II (r) = 0 which has been shown to work well for the One-Component Plasma model (OCP) [16, 17] , but is of uncertain accuracy for describing WDM states. We show that the variational modified HNC (VMHNC) approximation [18, 19] , where the bridge function is approximated by that of hard spheres, yields excellent agreement with the 'exact' molecular dynamics simulations using the same potential, and in turn with the recent experiment [10] .
The second approximation we consider is the ThomasFermi (orbital free) form of density functional theory (DFT) used to compute the electronic structure of the plasma. With this approximation, the PAMD model fails to reproduce the data while PAMD with Kohn-Sham DFT agrees very well with the experiment [10] . From a theoretical perspective neither of these results is surprising, but to our knowledge, this is the first time they have been demonstrated in warm dense matter by direct comparison to an experiment which measures the ionic structure.
In section II we review PAMD, its key approximations, current state of validation, and where it is expected to break down. We also demonstrate that the VMHNC approximation gives excellent agreement with corresponding classical MD simulations given the same ion-ion pair interaction potential, for an aluminum plasma. In section III we compare the PAMD predictions of the elastic scattering feature to the recent experiment of Fletcher et al. We show the inadequacy of the HNC and TF approximations. We also revisit the experiment of Ma et al., focusing on the variation of the PAMD prediction with plasma temperature.
II. SUMMARY OF THE PAMD MODEL
The key assumption of PAMD is that the electron density of a dense plasma n e (r) can be accurately approximated as a superposition of identical, spherically symmetric pseudo-atom electron densities n PA e (r), placed at each nuclear site, i.e.
where R i is the position vector of nucleus i, and the sum runs over all nuclear sites. The generalization to mixtures is straightforward [20] . The key quantity is therefore the pseudo-atom electron density n PA e (r). This is calculated in an average atom framework [21] using DFT, for which both orbital based (Kohn-Sham) and orbital-free versions of PAMD are possible and have been explored. Clearly the KohnSham version should be more physically realistic for a wider range of conditions than current orbital-free formulations. At higher temperatures and densities one expects and finds that both models converge to the same equation of state and ionic structure [15, 22] . Regardless of which DFT version is used, n PA e (r) is calculated with only the mass density, temperature, nuclear charge and mass as input. There are no adjustable parameters. For all calculations presented here we have used a finite temperature, local density approximation for the exchange and correlation potential [23] . Furthermore, all calculations are performed in thermodynamic equilibrium with the electrons at the same temperature as the ions.
The ion-ion interaction potential V II (r) is evaluated numerically from the pseudo-atom electron density n For the latter we show results using both the hyper-netted chain (HNC) and the variational modified HNC (VMHNC) approximations for the bridge function. VMHNC is an excellent approximation to the "exact" MD result up to very strong coupling regimes and the dashed and solid lines overlap almost perfectly. [15] . This potential is then used to determine the ionic configurations and dynamics using classical molecular dynamics (MD) simulations. Alternatively, if only the static ionic properties are of interest, V II (r) can be used in the integral equations of fluid theory (equations (1) and (2)). Together with an additional approximation for the bridge function (such as HNC or VMHNC), quantities like the ion-ion pair distribution function and structure factor can be calculated very efficiently. In figure 1 we compare the static structures for an aluminum plasma at 6.3 g/cm 3 obtained with MD 1 and the Ornstein-Zernike (OZ) equations with the bridge function derived from the VMHNC formalism [18] . For these conditions, the plasma ranges from moderately to strongly coupled, as can be seen from the significant structure in g II (r). The comparison demonstrates the quality of the VMHNC approximation to B II (r), with the classical MD giving the nominally 'exact' solution for a given potential V II (r). Clearly, the VMHNC model is very accurate, even for very strongly coupled plasmas, and can be relied upon as a practical and inexpensive substitute to a MD calcu- lation of static ion properties. On the other hand, the HNC approximation (B II (r) = 0) becomes rather poor for T ∼ < 5 eV, which corresponds to an effective OCP plasma coupling parameter of Γ eff OCP ∼ > 20 (see table I ).
PAMD can be characterized as an approximate version of DFT-MD, which is widely considered to be the best tool available today to model WDM. PAMD has been validated against DFT-MD [15, 20, 22] , giving generally good to excellent agreement on static (g II (r), S II (k)) and dynamic properties (self-diffusion coefficient) and thermodynamics as well. However the method is not expected to work everywhere. In regimes where chemical bonding occurs (typically, low temperature and relatively low densities) the superposition approximation (4) becomes invalid [20] . Thus our validation studies have borne out that PAMD works well for dense, simple plasmas. The advantage of PAMD over the corresponding DFT-MD method is that it is much more computationally efficient, allowing extensive exploration of temperature and density space, as well as access to quantities that may be sensitive to the smaller system sizes that are typical of DFT-MD simulations [25] . Moreover, the nature of the underlying model can clarify the physical nature of dense plasmas. 
III. PREDICTIONS OF W (k) AND COMPARISONS WITH EXPERIMENTS
In X-ray scattering experiments the static elastic contribution W (k) to the measured electron-electron dynamic structure factor can be approximated as [12, 27, 28] 
where f (k) and q(k) are the form factors of the bound and screening electrons, respectively. In the PAMD model this is just the Fourier transform of the pseudo-atom electron density n PA e (k) = f (k) + q(k). Recently Fletcher et al. measured W (k) in warm dense aluminum [10] . Analysis of the plasmon peak of the Xray spectrum indicates that the sample was compressed to 6.3 g/cm 3 at 1.75 eV [10] . We compare predictions from the PAMD model -using the Kohn-Sham version and the VMHNC approximation to the bridge functionto the data and find remarkably good agreement (figure 2), especially since the calculation is not fitted to the data calculated with Kohn-Sham PAMD using VMHNC with the aluminum data of Ma et al. [11] . The state of the plasma is reported to be 8.1 g/cm 3 and 10 eV, for which the PAMD calculation strongly disagrees with the data near the peak [12] . In the bottom panel we focus on the peak region. The experimental peak height can be recovered with PAMD by lowering the temperature to ∼ 2 -3 eV. The small bump at k ∼ 7Å −1 corresponds to the second peak in SII(k).
in any way. Equation (5) shows that W (k) is a simple product of S II (k) and (n PA e (k)) 2 . Charge neutrality of the pseudo-atoms requires that n PA e (k = 0) = 13, the charge of the Al nucleus. Furthermore, figure 2 shows that n PA e (k) is a slowly decaying function of k. Thus W (k) reflects the overall shape of the static structure factor, with a peak corresponding to the first peak in S II (k) and decaying to zero at large k (figure 2).
For small k the PAMD result lies at the upper edge of the experimental result. Since n PA e (k) is close to its k = 0 limit, this suggests that the PAMD calculation slightly overestimates S II (k = 0) for these conditions. Perhaps the PAMD ion-ion potential is slightly too soft, which would most likely come from the superposition approximation (equation (4)). This would result is a more compressible plasma and a higher S II (k = 0). This low-k discrepancy may be related to the tendency of PAMD to overestimate the adiabatic sound speed in warm dense Al [25] . Figure 2 also shows S II (k) and W (k) calculated with PAMD using the HNC approximation (B II (r) = 0). The agreement with the data is good, but somewhat worse than the VMHNC result. The peak of the W (k) is on the lower edge of the data and is also broader, resulting in a noticeably worse agreement in the k = 2 -3Å −1 range.
Fletcher et al. [10] obtain an excellent agreement with their data with a model dubbed "HNC-Y+SRR" [29] that involves a parametric V II (r) that is adjusted to match results from DFT-MD simulations [30] . This is in contrast to the PAMD method, where W (k) is obtained without inputs from external calculations. While both models agree very well with the data, there is an important qualitative difference in their sensitivity to temperature. In the lower panel of figure 2 we show W (k) for temperatures of 1 -10 eV at the experimental density of 6.3 g/cm 3 . The PAMD calculation indicates that the peak of W (k) decreases rapidly with increasing temperature. The temperature dependence of W (k) in the PAMD calculation comes almost entirely from variations in S II (k), because n PA e (k) depends only very weakly on temperature for the k values probed by the experiment. On the other hand, the HNC-Y+SRR model predicts that W (k) is nearly independent of temperature for the same conditions [10] . The temperature dependence of the ionic structure as predicted by PAMD has been found to be in agreement with KS-DFT-MD simulations [22] under similar conditions. A measurement of W (k) for aluminum using the method of [10] but at a higher temperature (say 5 eV) would clarify the situation.
The amplitude of the first peak of S II (k) is indicative of the strength of the coupling between the ions. In an OCP this is quantified with the plasma coupling parameter
where Z is the ion charge, e the quantum of charge, and a the ion sphere radius. The plasma is considered strongly coupled when Γ >> 1. At a fixed density (as in figure  2 and figure S3 of [10] ), a is constant and for T = 1 to 10 eV, the charge of Al ions is very nearly constant at Z = 3 [10, 11, 31] . Thus Γ should decrease by a factor of ∼ 10 when T increases from 1 to 10 eV. Unlike in the OCP model, the ion-ion potential in the plasmas of interest here are not purely Coulombic, but an electron screened potential with a repulsive core. Nevertheless, we can map the characteristics of the calculated g II (r) to that of an OCP to obtain an effective coupling parameter that gives a more intuitive sense of the strength of coupling in the real plasma. For this purpose, we use a mapping based on the height of the first peak of g II (r) and the radius r 12 where g II (r 12 ) = 0.5 [26] for the OCP (inverse screening length κ = 0). Table I gives the values of Γ eff OCP obtained from the PAMD g II (r) for the various Al plasmas shown in this publication. As expected, the coupling is about one order of magnitude weaker at 10 eV than at 1 eV, in broad agreement with the simple OCP picture, and supporting the qualitative temperature dependence of the PAMD results. For each density listed in Table I, Γ   eff OCP reaches a plateau at high temperature that reflects the competition between increased temperature that reduces the plasma coupling, and increasing ionization, which increases Γ eff OCP [32, 33] . In contrast to this good agreement with the experimental measurement of W (k) of Fletcher et al. (figure 2) , the same PAMD model leads to a strong disagreement [12] with the measurement of Ma et al. [11] , who report W (k) also for Al but at a higher temperature (10 eV) and somewhat higher density (8.1 g/cm 3 ). As with the Fletcher et al. data, the HNC-Y+SRR model was found to agree very well with the results of Ma et al. [11] . However, two independent DFT-MD simulations failed to agree [13, 14] with the data of [11] , and confirmed the PAMD result. References [14, 34] showed that the Ma et al. W (k) could be reproduced by lowering the ion temperature well below the electron temperature of 10 eV derived from the inelastic peak of the X-ray spectrum. In figure 3 we revisit the comparison of PAMD calculations with the Ma et al. data. For T ∼ 2 -3 eV, the PAMD model recovers the strong peak and overall fit of W (k) obtained in Ref. [14] . Taken at face value, this suggests a plasma that is far from equilibrium, where the electron temperature ∼ 10 eV and the ion temperature ∼ 2eV. However, this is hard to reconcile with estimates of the equilibration time scale, which is very short [14, 34] . Table I shows that the different experimental conditions result in very different coupling strengths, primarily due to the factor of ∼ 6 higher temperature in the Ma et al. experiment. In light of these results, it is surprising that both experiments measure a peak value of W (k) ∼ 110.
Finally, all the calculations of W (k) shown in figure 4 underestimate the measurement at the lowest wave vector k = 2.8Å −1 . For the temperatures that provide the best match to the peak height of W (k) (2-3 eV), PAMD comes about a factor of two under the measurement. All other published modelizations of this data [11] [12] [13] [14] 34] display, to varying degrees, a faster drop toward small-k than is indicated by the data. As a point of reference, our W (k) agrees very well with that of [13] (their Fig 3) obtained with KS-DFT-MD for 8.1g/cm 3 and T=10eV. The PAMD models shows that the form factor (f (k) + q(k)) 2 is nearly independent of temperature for T = 1 -10 eV. On the other hand, the plasma is more strongly coupled and less compressible at lower T so S(k = 0) decreases, hence the steady drop of W (k = 2.8Å −1 ) seen in figure 4 as T decreases. It is surprising that four different approaches to computing W (k) would fail to match this data point.
In figure 4 we use PAMD to predict W (k) up to 100 eV for aluminum at solid and three times solid density. At the lowest temperatures we observe a strong peak indicative of a strongly coupled fluid, with W (k) being more sharply peaked for the higher density, as expected. Increasing the temperature greatly reduces the height and increases the width of the peak, which is characteristic of a transition towards a moderately to weakly coupled plasma. For the higher temperatures ( ∼ > 50 eV) the peak [10] , for aluminum at 6.3 g/cm height is also suppressed by a reduction in n PA e (k) due to the larger screening length and increased ionization of the plasma.
Also shown in the figure are the results of orbitalfree PAMD calculations using the Thomas-Fermi functional. The differences with the Kohn-Sham calculations of W (k) are substantial at low temperature. As expected, agreement improves at higher temperatures and the distinction becomes small for ∼ > 50 eV. In figure 5 we contrast Kohn-Sham and Thomas-Fermi PAMD prediction for W (k) under the experimental conditions [10] , and compare to the measured data. The quality of the data clearly reveals that the Thomas-Fermi approach is an inadequate approximation under these conditions.
IV. CONCLUSIONS
We have used pseudo-atom molecular dynamics to calculate the elastic feature of X-ray scattering in warm dense aluminum over a wide range of conditions (T = 1 to 100 eV, ρ = 1 -3 times solid density) that correspond to regimes of very strong to modest plasma coupling. We present calculations where the static ionic structure is evaluated with classical molecular dynamics (the "MD" of PAMD) as well as with the Ornstein-Zernike equations using the HNC and VMHNC approximations to the bridge function. The high quality of the VMHNC approximation is demonstrated for realistic plasma potentials 2 in the warm dense matter regime through comparison with 'exact' MD results for the same ion-ion pair potential. We also investigated the effect on W (k) of describing the ions and their screening electron clouds with the Kohn-Sham and Thomas-Fermi versions of density functional theory.
A direct comparison with a recent experiment on strongly coupled aluminum [10] shows good agreement with the data when using the VMHNC and the KohnSham models. On the other hand the same model confirms earlier analysis of another experiment [11] on moderately-coupled warm dense aluminum: The peak of the elastic feature can only be reproduced with an ion temperature that is a factor of ∼ 4 -5 lower than the derived electron temperature. Our detailed modeling is supported by simple physical arguments about the strength of ion coupling in the two experimental plasmas. We conclude that the earlier experimental results [11] remain incompatible with the current and two other [13, 14] theoretical calculations, while the more recent experiment [10] validates the present approach. We also show that two popular approximations in modeling warm dense matter must be used with caution for calculating W (k). The HNC approximation for the Ornstein-Zernike equations becomes poor for effective coupling corresponding to Γ eff OCP ∼ > 20 and gives a marginal fit to the data for Fletcher et al. For aluminum plasmas of roughly solid density, the ThomasFermi model of the electrons becomes reliable only for T ∼ > 50 eV. It is a very promising prospect for studies of WDM that data on the elastic feature can be obtained with enough accuracy to clearly distinguish between these models.
